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Abstract

Use of the (M,S) criterion to select and classify factorial desigmsproposed and studied.
The criterion is easy to deal with computationally and it is irdependent of the choice of
treatment contrasts. It can be applied to two-level designs asell as multi-level symmetri-
cal and asymmetrical designs. An important connection betweehe (M,S) and minimum
aberration criteria is derived for regular fractional facbrial designs. Relations between
the (M,S) criterion and generalized minimum aberration cteria on nonregular designs are
also discussed. The (M,S) criterion is then applied to study the pjective properties of
some nonregular designs.
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1. Introduction

Screening designs are popularly used in practice to identify faw signi cant factors
among many potential candidate factors. A fundamental questh in physical experimen-
tation as well as scienti ¢ research is how to select the best desigA lot of research has
been done and many criteria have been proposed. Box and Huntéi961) proposed the
maximum resolution criterion for regular fractional factoral designs. Fries and Hunter
(1980) extended Box and Hunter's criterion and suggested the minum aberration (MA)
criterion. The MA criterion is the most popular criterion in design selection and it has
many good properties such as model robustness. For details, see rigeSteinberg and
Sun (1999) and references therein. In this paper, (M,S)-aptality will be used to select
two-level factorial designs. The (M,S) procedure (Ecclestomd Hedayat, 1974) has been
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widely used and advocated in optimal design literature. Shamd Sinha (1989) has many
examples of theory and applications of (M,S)-optimality.
For a two-level designd with N runs of n factors, consider the following linear model

X X1Xx
Ely(X1; X200 X)] = o+ iXj+ i XiXj; (1)
i=1 i=1 j=i+l
where y(Xq1; X2;:::; Xn) IS the observed response of treatmentX(; X,;:::; Xp), X; IS the
level of factori and takes the value 1or1 (=1;:::;n). oisthe grand mean, ; is the
main e ect of factor i, j is the interaction between factors and j, and so on. All the

three-factor or higher-order interactions are omitted in radel (1). Model (1) can also be
written in matrix form, i.e.,

Y =Xy 1+ X2 2+ (2)
whereY isanN 1 vector of observationsX; = (1n;X1; ;Xpn); 1n denotes anN 1
vector of 1's, 9 = ( o; 1; ; n) represents the grand mean and th@ main e ects.

» is the vector of | two-factor interaction (2 's) parameters, X, is the corresponding
coe cient matrix of 2's and is a vector of independent random errors with mean 0 and
constant variance 2: In general ; can be any parameter subset that is of primary interest,
with , representing \secondary" parameters. For example, for a desighresolution V ;
could contain all main e ects and 2 's and , could contain three-factor (and even higher-
order) interactions. Under the assumption of normality of erras, the Fisher information
matrix of , adjusted for ; is

Ca= XXo  (XPX)AXX1) H(X{X2):

Since C4 is symmetric, we denoteCJCq4 as CZ in the following discussion. The (M,S)
criterion rstidenti es a subclass of designs that maximize trae(Cy) and then nds designs
within this subclass that minimize traceC3). If a design has the maximum traceC4) and
minimum trace(C3) within a class of designsD, it is called an (M,S)-optimal design inD.
For a 2" P regular design with one replicate,

XX 1 =2" Plog;
wherel .1 is the (n + 1)-dimensional identity matrix. Thus,
Cq= XXy 2 M P(XIX)YAXIX):
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It is important to note that, even though the (M,S) criterion de ned here is based on
model (2) and only for two-level designs, trac€ly) and trace(CZ) are actually independent
of the choice of orthonormal contrasts [see Remark 2.3.1 of Dapd Mukerjee (1999)].
Therefore, the (M,S) criterion can be applied to multi-levesymmetrical and asymmetrical
designs as well. Cheng, Deng, and Tang (2002) and Mandal and kégee (2004) studied
(M,S)-optimality in factorial designs. They considered the jmt information on ; and
while our focus is the conditional information on , given ;: The (M,S) criterion proposed
in this paper is especially useful in the scenario in which maineets are of primary interest
but the experimenter would like to have as much informationm2 's as possible under the
assumption that three-factor and higher-order interactiongre negligible. As is shown in
the following, trace(Cq) and trace(CZ) contain not only the contamination information of
2's on main e ects but information on 2's themselves as well

2. (M,S)-Optimality in Selecting Regular Designs

Minimum aberration has been a popular criterion in choosingegular fractional factorial
designs. The purpose of this section is to explore the detailedatonship between (M,S)
and MA criteria when selecting regular designs of two-leveldtors. Jacroux (2004) brie y
discussed the connection between the two criteria for regulaesigns of resolution Il or
higher, but his formulation only holds for designs of resoludn IV or resolution Il designs
in which each main e ect is aliased with exactly one 2.

For a 2" P regular fractional factorial design, sayd; let W;(d) be the number of words
of length i in the de ning relation. Then W(d) = (Wy(d); ;W,(d)) is the wordlength
pattern of designd: For any two designsd; and d,, let | be the smallest integer such that
W,(d;) 8 W,(dy), then d; is said to have less aberration thaml, if W;(dy) <W,(d): If no
design has less aberration thad,, then d; is called the MA design.

In a 2" P designd of resolution Il or higher, following Cheng, Steinberg, andun
(1999), 2 1ofthe 2 1 factorial e ects appear in the de ning relation. The remaning
2" 2P e ects are partitioned into g=2" P 1 alias sets each of sizé’2wheren of the g
alias sets contain main e ects (one each). Ldt = g n and thef alias sets not containing
main e ects beMq; ; M¢ : Also let the n alias sets containing main e ects bé; .1 ; :



Mg: Forl i g;let mi(d) be the number of 2's in M;: Then

X9
m; (d) = 3W5(d)

i=f+1
because each three-letter word in the de ning relation genates three 2 's that are aliased
with (the corresponding) main e ects. Note that the diagonal e#ment of X 2X,){X X ) is
4" Pif the 2 is aliased with a main e ect, and zero otherwise (sincefhte design resolution
is at least Ill, there cannot be two main e ects aliased with thesame 2 ). The o -diagonal
element is zero if the two 2 's are not aliased with a main e ectand 4" P if they are both
aliased with the same main e ect. Similarly, the {;i)th diagonal element ofX 39X, is 2" P;
and the (j;j )th o -diagonal element is zero if theith and jth 2's are not aliased with
each other and 2 P if they are. Hence, traceCy) is equal to the number of 2 's that are

not aliased with main e ects (i.e., 2'sin My; ; M¢) multiplied by 2" P; and
" #

X X X
trace(C?) = mi(d)+2 m'z(d) ar=4"" m(d?

i=1 i=1 i=1

Recall that (equation (2.2) in Cheng, Steinberg, and Sun, 99)

X n
BW,(d) = m; (d)? 5
i=1
Thus " #
trace(C2) = 2 mi(d)2 + 6W,(d) 4" P: 3)

i=f+1
Therefore, we have the following theorem.

Theorem 1. For any regular two-level design d of resolution Il or highe

P
1. trace(Cg) =2" P [, mi(d)=2"P 3Ws(d) :
P, h =) [
2. trace(C3) =4" P _ mi(d)?=4"P 7 J o Mi(d)2+6W,(d) :
P
Theorem 1 shows that the (M,S) criterion selects the design thabtaximizes Ll m; (d)
(or, equivalently, minimizesWj5(d)) rst and then minimizes ile m; (d)?, while the MA
criterion minimizes W3(d) rst and then minimizes W,(d) (or, equivalently, minimizes
9. mi(d)?). The following example shows that these two criteria are notqeivalent
when used in design selection.



Example 1. Consider the following two 21 © designs.
di:F=AB;G=AC;H =AD;J BE; K = CDE; L = ABCDE
d:F=AB;G=AC;H =AD;J = AE; K = BCDE; L = ABCDE
It can be shown thatW (d;) =(0;0;5;9;17;19,7;2;3; 1) andW(d,) = (0;0;5; 10, 16,16, 1G; 5; 1):
Let m(d) = (my(d); ;msz(d)): Then
m(dy) =(3:3,22222,2222222222211,32211111111),
m(dy) =(2:2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,51,1,1,1,1, 1,1, 1, 1, 1),
trace(Cy,) = _ 2, mi(d;) =40 2 8 =trace(Cy,) = _ = mi(dy);
trace(C3) =22 mi(d)2=84 4 % trace(C3)= 2 mi(dy)?=80 416,
oL mi(dy)2=109; and 2 m;(dy)? = 115:
Therefore, the MA criterion will choosed; over d, while the (M,S) criterion selectsd, over

d;: Neither of these designs is optimal by either criterion, but theli erence between them

illustrates the nature of the MA and (M,S) criteria. The MA criterion favors designs that
treat all factors equally by making the alias chains of low aer e ects roughly equal in

length. In contrast, the (M,S) criterion seems to put some 2 'snto longer alias chains with

main e ects in order to keep the uniformity of 2 's distributi on across the alias chains that
don't contain main e ects. Note that, in this example, both d, and d, have maximized

Jacroux's E (the number of estimable contrasts that contain ateast one main e ect or

2) at 31.

One interesting question is whether (M,S)-optimal designs asdso MA designs and vice
versa. For designs of resolution IV or higher, it is easy to see thataximizing trace(Cq4) and
then minimizing trace(C3) is equivalent to minimizing Wz(d) and then minimizing W,(d).
Therefore, MA designs must be (M,S)-optimal. However, an (M,S)ptimal design is not
necessarily an MA design. For example, design§ 2 and & ! with de ning relations
6 = 12345 and 6 = 1234 have word-length patterns (@;0;0;0;1) and (G; 0; 0; 0; 1; 0)
respectively. Both designs have minimunW;(d) and W,(d); so they are (M,S)-optimal.
However, it is obvious that 2 * is not an MA design. Actually, 2 ! is the smallest
(M,S)-optimal design that doesn't have minimum aberration. he major reason is that
the current setting of (M,S)-optimality doesn't cover information on three-factor or higher-
order interactions while the MA criterion considers interattons of any order. As is pointed
out above, three-factor or higher-order interactions codlbe included in , if all main e ects
and 2 's are parameters of primary interest, ;:
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Recall that a 2" * design has resolution l11'if2 ¥ *'+1 n 2" kK 1: For designs of
8, 16, and 32 runs with more than 48; and 16 factors, respectively, a complete computer
search using the algorithm in Xu (2002) shows that the (M,S)-optial design is unique
up to isomorphism (two designs arésomorphicif one can be obtained from the other by
relabeling factors, reordering runs or switching the levelsf dactors), and it is the MA
design. For designs of 64 runs with more than 32 factors, it is neasy to identify all the
nonisomorphic designs. The concept of complementary designsposed by Tang and Wu
(1996) could be used to reduce the complexity of the computati.

Let H,, « be the collection of all 2 ¥ 1 combinations generated by  k independent
columns, then for any design d, the complementary design, sdyconsists of the remaining
2" ¥ 1 ncolumns inH, : Tang and Wu show that W3(d) = constant  Wj3(d) and
W,(d) = constant + W3(d) + W,(d): Therefore, to nd all nhonisomorphic resolution Il
designs of 64 runs with minimumA/;(d); we only need to nd their complementary designs
d with the maximum Wj3(d): Since these complementary designs contain 1 to 31 factors,
we only need to nd nonisomorphic designs with the maximunwWs(d) in Hs (Chen and
Hedayat, 1996). These complementary designs (only generat@r® given and the ve
independent columns are ;12; 3; 4, and 5) are listed in Table 1.

Chen and Hedayat (1996) listed nonisomorphic complementarysigns of 1 to 15 factors
with the maximum Wj3(d) and Table 1 has complementary designs of 16 to 31 factors and
their wordlength pattern up to ve-letter words (M1o; M;o; M4;; and M; are from Chen
and Hedayat, 1996 and are included for demonstration later).of example,M s stands for
the complementary design with 25 factors and the maximurdVs(d) = 80, the minimum
W,(d) = 435 and the minimum Ws(d) = 1622 (if two designs have the sam&\V;(d) and
W,y(d)). M,2 to M,2 are other nonisomorphic designs with the maximuris(d) = 80. It
is clear from the list of nonisomorphic complementary designkat there is only one design
up to isomorphism with maximum W3(d) for 1 to 9; 12 to 18 28 to 31 factors. Hence,
there is only one design up to isomorphism having minimurws(d) with 62 to 54; 51 to
45, and 35 to 32 factors. Therefore, (M,S)-optimal and MA designs@ the same in these
cases. For other cases where there are more than one nonisomarmtasign, traceCy)
and trace(C3) are given in Table 2. Table 2 shows that (M,S)-optimal desigrsiunique up
to isomorphism except for designs with 37 and 38 factors. Thereeatwo (M,S)-optimal
designs with 37 factors and they are the complementary desigoiM s and M, (denoted
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by He nM,s and Hg n M,3). By checking wordlength patterns ofM,s and M,3, we know
that Hg n My is MA and Hg n M.} is not. Similarly, there are two (M,S)-optimal designs
with 38 factors and they are the complementary designs df,5 and M2, whereHg n M5

is MA and Hg n M, is not. Therefore, (M,S)-optimal designs are not unique andoh

necessarily MA. However, all MA designs with 64 runs are (M,S)-dptal. For resolution

[1l designs with more than 64 runs, whether an MA design is (M,Spptimal is still under

investigation.

In general, the (M,S) and MA criteria are di erent. The formea compares designs based
on the aliasing of 2 's with main e ects as well as among 2 's temselves, while the latter
also factors in higher-order interactions. The MA criterion dtributes the 2 's uniformly
across alias sets including main e ects as well as those coniam only 2's, while the
(M,S) criterion distributes 2 's evenly across only the aliassets that do not contain any
main e ects. It is important to notice that the (M,S) criterio n is equivalent to maximizing
the rst two components of the maximum estimation capacity, ie., E;(d) and E,(d), in
Cheng, Steinberg, and Sun (1999). An (M,S)-optimal design udlyahas large estimation
capacity, i.e., it accommodates large numbers of models taining all the main e ects and
a certain number of 2's.

In addition to the ease of computation, the (M,S) criterion ca be naturally carried
over from regular designs to nonregular designs. In contrast,ghiMA criterion has to be
modi ed. Next, the (M,S) criterion will be used to study nonreguar designs, and relations
between the (M,S) and minimumG,-aberration criteria are also discussed.

3. (M,S)-Optimality for Nonregular Designs
In this section some properties of tracéfy) and trace(C3) when used in selecting non-
regular designs are studied. For a desigthof N runs with n factors, where each row of

be anyk-subset with 1 k n, dene

X
jk(s) = G1  Cik; Jk(S) = jjk(9)]
i=1
wheregc; is the ith component of columng; : The Ji(s) values are called the J-characteristics
of a design in Tang and Deng (1999). For an orthogonal desigd(s) = J,(s) = 0: A

design is regular if and only ifJx(s) = 0 or N for all k. If J¢(s) = N, the k columns
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Table 1: Nonisomorphic designs with the maximunws(d)

Design

Design Generators

(W3; Wa; Ws)

12,13 14,23, 24; 34,123 124 134 234 1234

12,13,14; 23,24, 34,123 124 134 234 1234 12345
12,13,14, 23,24, 34,123 124 134 135 234 1234 12345
12,13 14,23, 24; 34,123 124 134 135 234 245 1234 12345
12, 13,14, 23,24, 34,123 124 134 135 145 234 245 1234
12345

12,13,14, 23,24, 34,123 124 125 134 135 145 234 1234
2345

12,13,14, 23,24, 34,123 124 125 134 135 145 234 1234
12345

12,13, 15,23, 24; 25, 35,123 124 134 135 234 245 1234
12345

12,13 14,15, 23, 24; 25,34, 123 124 134 135 145 234
123412345

12,13,14, 15,23, 25, 35,123 125 135 145 235 1234 1235
12452345

12,13 14,23, 24; 34,123 124 125 134 135 145 234 235
123412345

12,13,14, 15,24, 25,45;123 124 134 135 234 245 1234
123512345

12,14, 15,23, 24, 25,45,123 124 125 134 135 145 234 235
123412345

12,13,14, 15, 23,24, 34,125 135 145 234 1234 12351245
1345234512345

12,13 14, 15,23, 24; 34,123 124 125 134 135 145 234 235
123412345

12,1314, 23,24, 34,123 124 125 134 135 145 234 235 245
123412345

(35; 105 168)
(36; 112 196)
(38; 126 252)
(41; 148 336)
(41; 147 337)
(45: 175 453)
(45; 176 452)
(50; 205 592)
(50; 210 603)
(50; 211, 602)
(50; 213 600)
(56; 251, 784)
(56; 252 784)
(56; 254 789)

(56; 255 788)

(56: 259 784)




Table 1: Nonisomophic designs with the maximuriVz(d) (continued)

Design| Design Generators (W3; W4, Ws)

Moz | 121314, 15,23, 34, 35,45,123 124 125 134 135

145234 235 134512345 (63;304 1015)
M 23? 12,13 14, 15,23, 24;34;123 124 125 134 135

145234 235 1234134512345 (63;306 1017)
M,2 | 12131415, 23,24; 34,123 124 134 135 234 245

1234 12351245134512345 (63;307.1016)
M 233 12,13 14;15,23,24;34;123 124 125 134 135 145

234235 245 1234 12345 (63;308 1015)
M,3 | 1213 14,23,24;34,123 124 125 134 135 145 234

235245 345123412345 (63; 315 1008)
Moy 12,13 14;15,23,24;34;123 124 125 134 135 234

235245 12351245134512345 (71; 365 1292)
M,i | 121314 15,23,25,35123 124 125134 135 234

;235245 123512451345 12345 (71;366 1293)
M,2 | 121314, 15,23,24;34,123 124 125 134 135 145

234 235245 1234123512345 (71, 367.1292)
M,2 | 1213141523, 24;34,123 124 125 134 135 145

234 235 245 345 1234 12345 (71;371,1288)
Mos | 121314 15,23 24;25,34;123 124 125 134 135 234

235245 12351245134512345 (80;435 1622)
M,d | 1213 14;15,23,24;25;35,123 124 125 134 135

234 235245 12351245134512345 (80;435 1623)
M 2§ 12,1314, 15,23, 24, 34,123 124 125 134 135

234 245 345 12351245 134512345 (80;436 1622)
M,3 | 12131415, 23,24;34,123 124 125 134 135 145

234 235 245 345 1234 123512345

(80; 438 1620)




Table 1: Nonisomorphic designs with the maximunws(d) (continued)

Design| Design Generators (W3; W4; Ws)

Moe | 1213, 14,15, 23,24, 25,45,123 124 125 134 135 145

234 2352453451234 123512345 (90;515 2012)
M,d | 1213 14, 15,23,24;25,34,123 124 125134 135 234

245345 123412351245134512345 (90;515 2013)
M,2 | 12131415, 23,24;34,123 124 125 134 135 145 234

2352453451234 1235124512345 (90,516 2012)
Mo, | 12,1314, 15,23, 24, 25,34, 123 124 125 134 135 145 234

235 2453451234 1235234512345 (101,605 2473)
M,, | 121314 15 23 24,34,123 124125 134 135 145 234

235245 345123412351245134512345 (101; 606 2472)
Mog | 12,1314, 15,23, 24, 25,344,123 124 125 134 135 145 234

235245345 123412351245134512345 (113 706 3012)
Moo | 1213, 14;15; 23,24, 25,34;123 124 125 134 135 145

234 235245 3451234 123512451345234512345 (126,819 3640)
Mso | 12,1314 15,23, 24; 25, 34; 35,123 124 125 134 135

145 234 235245 34512341235 12451345234512345 | (140 945 4368)
Mgz | 1213, 14,15, 23, 24; 25, 34; 35, 45,123 124 125 134 135

145234 235 245 3451234 123512451345234512345 | (155,10855028)
Mo | 1;2,3,4,123412,23 34,123 234 (10;15,12)
My | 1234,123412,23,13,14,123 (10; 16, 12)
M1 | 1,2;3;4,123412,13 14,2324, 34 (13; 25, 25)
Mi: | 1,2,3;4,123414; 23,24, 34,234 123 (13; 26, 24)
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Table 2: Trace(Cq) and trace(CZ) of 64-run designs

No. of Factors | Nonisomorphic Design| trace(Cq) | trace(C3)
36 HeNM; 438 64 | 7110 64
36 HenM,, 438 64 | 7116 64
37 He N Mg 426 64 | 6986 64
37 HenM,d 426 64 | 6986 64
37 HenM,2 426 64 | 6992 64
38 HenMos 415 64 | 6895 64
38 HenM,2 415 64 | 6895 64
38 HenM,2 415 64 | 6901 64
38 HenM,2 415 64 | 6913 64
39 HenMoy 405 64 | 6843 64
39 HenM,; 405 64 | 6849 64
39 HenM,2 405 64 | 6855 64
39 HenM,? 405 64 | 6879 64
40 He nMo3 396 64 | 6830 64
40 HenM,32 396 64 | 6842 64
40 HenM,2 396 64 | 6848 64
40 HenM,3 396 64 | 6854 64
40 HenM,3 396 64 | 6896 64
41 HenMoo 388 64 | 6856 64
41 HenM,3 388 64 | 6862 64
41 HenM,2 388 64 | 6874 64
41 HenM,3 388 64 | 6880 64
41 HenM, 388 64 | 6904 64
42 He N M, 381 64 | 6921 64
42 HenM,! 381 64 | 6951 64
42 He N M,2 381 64 | 6957 64
42 HenM,3 381 64 | 6969 64
52 HenMg; 270 64 | 6630 64
52 HenM,; 270 64 | 6636 64
53 He nM g 250 64 | 6250 64
53 HenM,, 250 64 | 6256 64
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in s form a word of lengthk in the de ning relation of regular designs. For nonregular
designs, 0 Jk(s) N. Deng and Tang (1999) introduced a generalized minimum
aberration (GMA) criterion based on the confounding frequencvector (CFV) that consists
of the frequencies ofl(s): Let fy; be the frequency ok column combinations that give
Jk(s) =4(t+1 j)forj =1;:::;tin aHadamard matrix with N = 4t runs. Then the
CFVis

The GMA criterion minimizes the components ofCFV sequentially, i.e, a GMA design
has the lowest frequency of the largesi(s) values. They proved thatJy(s) must be a
multiple of 4 for orthogonal rst-order designs. The quantityJx(s)=N could be interpreted
as the extent of aliasing amond columns. In particular, J3(s)=N = 0 (or J3(s)=N = 1)
suggests that there is no (or complete) aliasing between the mag ect of one factor in
s and the 2 of two other factors; J4(s)=N = 0 (or J4(s)=N = 1) indicates that there is
no (or complete) aliasing between two 2's of the four factorén s. The values 0fJs(Ss)
and J4(s) are closely related toN: For example, Deng and Tang (2002) pointed out that if
N is a multiple of 8 so areJs(s) and J4(s): As with regular designs where tracéfy) and
trace(C2) depend onWj;(d) and W,(d); Theorem 2 shows that traceC4) and trace(C3) are
determined byjs(s) and j 4(s):

Theorem 2. For any two-level orthogonal design d witN runs and n factors,

P .
1trace(Ca) = N 3 & 1 iwa nl3(GG0).

2y — 1 2
2.ac(Cq) = 1 i n N § 1 ik mneik3(GGOh)
X _ 1 X . &
+ ja(Gaacn) j3(GiCkCn)ja(CiCmCn)
1 i<k nm1 I<m n;(i;k)6(1;m) h6 i;k;I;m

Proof. Note that the diagonal elements oK X, areN's, the nonzero o -diagonal elements
of XX, are js(s)'s with each one appearing three times, and trace{(?X,)X 9X ) is the
sum of squares of the elements X X ,. For example, the element corresponding to main

eect1and 2 23 in XX, isjs(cic03): It is straightforward to show that
n 3 X .
raceC)= N , i3(coa):
1 i<k<l n

12



For trace(C3), note that the o -diagonal elements ofX X, are either zero [»(s) = 0) or
j4(s): The diagonal element of X X ,)X X, is the sums of squares g§(s) containing two
factors in the corresponding 2. For instance, the diagonal ement at the position of 2
23 ile he2:3) 2(cyC3ch): The o -diagonal element is the sum of all products ofs(s;) and
j3(s2) where s; and s, contain two factors from each 2 and a main e ect that doesn't
appear in both 2's. For example, the o -diagonal element at he position of 2's 12 and

34 is E:s J 3(C1C2Ch)j 3(C3CaCh): }

Tang and Deng (1999) proposed the minimun®,-aberration criterion as follows. Let

Bk(d) = ﬁ J2(s): For two designsd; and dy; let r be the smallest integer such that
jsji=k
B,(d;) 6 B,(dy): Designd; has lessG,-aberration than d, if B,(d;) < B,(dy): If no

design has les$,-aberration than d;; then d; is said to have minimum G,-aberration.

Theorem 2 shows that maximizing tracety) is equivalent to minimizing Bz(d): However,
minimizing trace(C3) is more complicated than simply minimizingB4(d): If all js(s)'s are
zero (for exampled is an orthogonal array of strength three), then minimizing taceC?) is

equivalent to minimizing B4(d): Direct calculation shows that all minimum G,-aberration

designs in Table 2 of Tang and Deng (1999) are (M,S)-optimal dnall (M,S)-optimal

designs from H16.Il1l have minimumG,-aberration. It is not known in general whether
the (M,S) criterion is equivalent to the minimum G,-aberration criterion for nonregular
designs. Moreover, for regular designs, tracg{) and trace(C3) are multiples of N and

N 2; but this is not generally true for nonregular designs (exames are given in Table 6).
If dis a saturated orthogonal designX(d)XX(d) = X¥d)X1(d) = Nly; thus C4 = 0

and trace(Cqy)=trace(C3)=0. Therefore, all saturated orthogonal designs are (M,S) eiy-

alent. However, saturated orthogonal designs &f runs are not GMA equivalent (Xu and
Deng, 2002). Theorem 3 links trac&fy) with J-characteristics for projections of saturated
orthogonal arrays.

Theorem 3. Let d; be an m-dimensional projection from a saturated orthogonalray d

of N runs by deleting columnsy; ;8 whereg= N m 1 1 Then
— 1 X + 2 X P 2
trace(Cq,) = ﬁ[ js(cGoa) +  + j5(cicag)] 4)
1 i<k m 1 i<k m
g 2 X 2 X .2
= m[mN j3(a1@6) j3(a184Gi)] (5)
i=1 i=1
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Proof. Let X 4(d) be the main e ect matrix of designd in the model, then X 1(d)X ¥(d) =
XY(d)X1(d) = NIy : Without loss of generality, assume the rstm factors are in projection

Recall that

Co = X3(di)Xo(dh) Ni(x:(L)(dl)XZ(dl))O(X:(L)(dl)XZ(dl))

= XXAN X)X )X o(ch)

1

= WXS(dl)[ala(l) + + agaglXy(dh);

where X ,(d,) is the coe cient matrix of 2's in projection d;: Therefore

trace(Cy)

Ni[trace([x 2(dn)ag[adXo(dy)]) +  + trace([X 2(di)agllagX 2(dh)])

SHEX(IXd)al + + (X (X h)ag

1 X X
N jj(coa)+  + j3(Goag)l:

1 i<k m 1 i<k m
To show equation (5), consideW; = X 9(d;)D (a;)X1(dy) for i =1;2;:::;g;whereD (&) is
the diagonal matrix with diagonal elements equal to the eleemts ofa;: Then it is easy to
see that the diagonal elements AV, are zeros and its o -diagonal elementv = j3(cGa;)
forl k<l m. Therefore, ; . . i3(cca) is the half of the sum of squares of all
o -diagonal elements inW;: Note that the sum of squares of all o -diagonal elements in
W; is trace(W;W9): Let's calculate tracefV;W,) rst.

trace( X P(dy)D (ar) X 1(dh) X () D (a1) X 1(d1))
trace(X Y(dy)D(a)[NIy  ayal agag]D (a1) X 1(dy))
trace(N X £(d1)D (a1) D (a1) X 1(d1))
trace(X £(d1) D (ar)a,a7D (a) X 1(dh))
trace(X {(dy)D (ag)agagD (2) X 1(ch))
trace(NX (d1)X1(d1))  trace(X (i) 1n 1y X1(dh))

trace(W; W)
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trace(X X(d1)D (a;)@,adD (a1) X 1(d1))

trace(X 1(d1)D (a1)agagD (a1) X 1(ch))
2 X + 2 X P2
= N°m j3(a1@26) J3(2u3gC)
i=1 i=1
wherely isthe N 1 vector with elements 1D(a;)a; = 1y andD(a;)a is the Hadamard
product of a; and g fori =2;3;:::;0:
Similarly, for h=2;3;:::;0;

2 x o,
trace(W,Wy) = N’m i 3(a1:0) i3(uan 1G)
i=1 i=1
xn S xn -
j3(1an+1G) j3(a1a9G):
i=1 i=1
Therefore,
2 g 2 x .2 A 2
trace(Cy) = m[mN js(a10) j5(a184C)]:
i=1 i=1

}

Equation (4) in theorem 3 should be applied whem (N 1)=2 and equation (5) is
applied whenm (N  1)=2: In particular,

Corollary 1. Let d; be an (N  2)-dimensional projection from a saturated orthogonal
array d and X 1(d;) and X ,(d;) be its main e ect and 2 model matrices. Then

P . . :
1. raceCu) = & 1wk n 2i2(GGa) = Y2 wherea is the factor that is not in
the projection.

2. trace(C3) = [trace(Cq,)]?

3. If dis the 12-run Plackett-Burman design, then for any m-dimensital projection d,
trace(Cy,) =12 7 47 :

Proof. Let X,(d) be the main e ect matrix of designd in the model. Without loss of
generality, assume the rstn 2 factors are in projectiond;, then X,(d) = [ X1(dy); a;
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wherea is the main e ect of the (n  1)th factor. Here,g=1and m= N 2. Therefore,
trace(Cq) = "2 and (1) holds. To obtain (2) note that

trace(C§) = %trace(vé’(dl)a][a‘b(z(dl)][X 3(dy)al[a® »(dy)])

= Ll (d)X Y(h)altrace(X YcallaX o(c)])
= LIEXa(d)X Ydal’ = [irace(Co)

As for (3), Lin and Draper (1992) showed that any 3-dimensionalrpjection has one copy
of 22 and one copy of 2 1: Hence,js(s) = 4 for any three columns and the result is
obtained by directly pluggingjs(s) in (1) of Theorem 2. }

4. Projective Properties of Nonregular Designs

In this section, the (M,S) criterion is used to study the projedie properties of non-
regular designs of 1216, and 20 runs. Since all these designs are saturated, they are
indistinguishable by the (M,S) criterion, their trace(Cq)'s and trace(C3)'s are zero. In-
stead, the (M,S) criterion is applied to projections onto dierent dimensions. Projections
will be classi ed by their trace(Cq)'s and trace(C3)'s (called (M,S) classi er, hereafter)
and (M,S)-optimal projections are selected from each dimewosi. There has been a lot of
research on projections using the generalized minimum aberoam (GMA) criteria (Deng
and Tang, 1999 and Xu and Wu, 2001). The (M,S)-optimal projeains will be compared
with the GMA projections to show the di erence between the twacriteria in projections
of nonregular designs.

4.1. Plackett-Burman Design of 12 Runs

As is well known, there is only one projection up to isomorphisnof 3 to 11 factors
(except for 5 and 6 factors) in the 12-run Plackett-Burman degh generated byf 1; 1; 1,
1,11, 1, 1, 1,1, 1g. For projections onto 5 factors, the (M,S)-optimal projecibns
(396 of the total 462) have traceC4) = 80:00 and traceC3) = 1208:89 The projection
consisting of columns 12; 3; 4; and 5 is an example. It has two mirror runs, 7 and 10
and it is also the GMA projection. The other 66 projections has trace(C4) = 80:00 and
trace(C2) = 1280: The projection consisting of columns ;12; 3; 4; and 10 is one and it has
two identical runs, 3 and 11 For projections onto 6 factors, the (M,S)-optimal projectios
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(again 396 out of 462) have trac&fy) = 100:00 and traceC3) = 2035:56: The projection
consisting of columns 12; 3; 4; 5; and 6 is (M,S)-optimal. The other 66 projections
have traceCq4) = 100:00 and traceC3) = 2320:00: The projection consisting of columns
1, 2; 3; 4; 5, and 7, which is the GMA projection, is an example and has two mirror
runs, 7 and 11. Hence, a GMA projection is not necessarily (M,Sptimal. Li and Wang
(2004) showed that both (M,S)-optimal projections onto ve ad six factors have maximum
estimation capacity among all ve and six dimensional projectins respectively, while the
GMA projection onto six factors doesn't have maximum estimatio capacity.

4.2. Hall's Designs of 16 Runs

According to Hall (1961), there are exactly ve nonisomorphic Hdamard matrices
of order 16, labeled as H16.l, H16.1l, H16.1ll, H16.IV, and H16.V irDeng and Tang
(2002), where H16.1 is a regular design. For 3 m  14; a complete computer search
of %n‘r’ projections was done for each of Hall's designs. Table 3 lists ti#,S)-optimal
projections and their frequencies (the numbers in parentkes are the total numbers of
projections in each designfg® stands for the complement). For example, the (M,S)-
optimal projections onto six factors have tracefy) = 240 and trace(C3) = 8448: The
frequencies of 6-dimensional (M,S)-optimal projections amng 5005 projections in each
of H16.1, H16.Il, H16.1ll, H16.IV and H16.V are 420 120 46, 21, and 28 respectively.
The projection consisting of columns 12; 3; 4; 6; and 8 in H16.l is (M,S)-optimal. The
projection is a regular MA design of resolution IV with de ningrelations and 6 = 124 and
8 = 123: All columns selected in Table 3 are from H16.1.

According to the frequencies of (M,S)-optimal projection ireach dimension, regular
design H16.1 has the most (M,S)-optimal projections, H16.1l rar&ksecond, H16.11I third,
H16.V fourth, and H16.IV fth. Design H16.1V doesn't have any (M,S-optimal projections
onto 5; 7; 8; and 9 factors in Table 3. The best (in terms of the (M,S) critenn) projections
onto 5; 7; 8; and 9 factors for H16.IV have traceCq4)'s 160 288 352 336 and trace(C3)'s
4096 11776 19456 19200 respectively. Similarly, H16.V does't have any (M,S)-optimal
projections onto 5 factors, and the best projections in H16.V ka trace(Cy) = 160 and
trace(C2) = 4096: Even though the regular design H16.I has fewer classes than therey-
ular designs (Table 4), it has the largest frequencies of (M ®ptimal projections. Since
factorial e ects in (M,S)-optimal projections have less alising than those in others, it is
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Table 3: (M,S)-optimal projections in 16-run Hall's designs

No. of Trace Trace Columns
Factors | of C4 of C7 | H16.I H16.1l H16.lll H16.IV H16.V | Selected

3(455) 48 768 | 420 372 348 336 336 | 1,23

4(1365) | 96 1536 | 840 600 480 420 420 | 1;2;3,4

5(3003) | 160 2560 | 168 72 24 0 0 1,2,3,4,7
6(5005) | 240 8448 | 420 120 46 21 28 1,2,3,4,6;8
7(6435) | 336 16128 120 24 8 0 8 1,2,3,4,6;8;,9
8(6435) | 448 28672 15 3 1 0 1 1,2,3;4;6;8;,9;12
9(5005) | 384 24576 105 21 7 0 7 f7,10,11; 13, 140°
10(3003)| 336 22784 315 99 39 21 21 f10,11; 13, 149°
11(1365)| 304 23296 420 228 132 84 84 f11;13 14g°
12(455) | 288 27648 35 19 11 7 7 f11; 14g°
13(105) | 192 18432 105 105 105 105 105 | any 13 columns
14(15) 112 12544 15 15 15 15 15 any 14 columns

not surprising to see that the regular design H16.l has the largesiefjuencies of (M,S)-
optimal projections because regular designs usually have lessealiasing than nonregular
designs.

It is interesting to note that all (M,S)-optimal projections onto 3 to 8 factors in Table 3
are regular factorial designs because their values of J-chetexistics are either 0 or 16
Some of the (M,S)-optimal projections onto 9 to 14 factors arnonregular. In terms of
(M,S)-optimality, these nonregular designs are as good as theegular counterparts. For
example, the projection consisting of columns;%; 6; 7; 8; 9; 10, 11; and 13 of H16.1l is
a nonregular design becausgg(c,Csci3) = 8: It has the same traceCy) and trace(C?) as
the (M,S)-optimal projection consisting of columns 12; 3; 4; 5; 6; 8; 9; and 12 (which is
a regular design) in H16.1.

Deng and Tang (2002) used the GMA criterion to select and classifyojections in the
ve Hall's designs. They also listed some GMA projections from Ha#l'designs (Table 2 in
their paper). Itis easy to check that all the GMA projections gven there are (M,S)-optimal.

18



However, not all (M,S)-optimal projections are GMA. For examfe, the 5-dimensional,
(M,S)-optimal projection consisting of columns 12; 3; 4; and 7 in 16H.1 hasF;[16;8] =
(1;0) and F4[16;8] = (0;0): The GMA projection consisting of columns 89; 13, 14, and
15 in 16H.1 hasF;[16;8] = (0;0) and F4[16; 8] = (0; 0): The di erence between (M,S) and
GMA criteria lies in the fact that the CFV in GMA only uses Ji(s) to order fy;'s and
doesn't take the magnitude ofJk(s) into consideration. On the other hand, the (M,S)
criterion considers both the magnitude and frequency o]‘k(P) For Hadamard matrices
with N =4t, Ji(s)=4(t+1 j)andtrace(Cq) =4t} 2 J S fae+1 )=

Table 4 gives the numbers of nonisomorphic prOJectlons idemtd by the (M,S) classi er
as well as the total numbers of nonisomorphic projections feach dimension across the ve
designs. The exact number of nonisomorphic projections (Sundaivu, 1993) and Deng
and Tang's results (where GMA-4 and GMA-5 total are the numbersfononisomorphic
projections using GMA-4 and GMA-5 classi ers) are included for coparisons. Itis evident
that, for3 m 14, H16.Ill has more nonisomorphic projections than any othef Hall's
designs. Fom = 3; 4; 5; the (M,S) classi er can identify all the nonisomorphic projedbns.
For m 6, the numbers of nonisomorphic projections found by the (M)Slassi er are
less than the exact or GMA numbers. This is mainly because, as timember of factors
increases, the degrees of freedom used to capture informationmain e ects and 2's are
decreased, and the (M,S) classi er becomes less powerful.

4.3. Hall's Designs of 20 Runs

According to Hall (1965), there are three non-isomorphic Hadan matrices of order
20, commonly called N, P, and Q. In particular, Q is equivalent to he 20-run Plackett-
Burman design. Designs N, P and Q are given in appendix C of Dengdailang (2002). A
similar procedure could be applied in selecting and classifyipgojections of these designs.
Table 5 lists the numbers of nonisomorphic projections fan = 3;4;:::;18 The (M,S)
classi er nds many more nonisomorphic projections than the GM classi er in Deng and
Tang (2002) for projections onto 3 to 13 factors. For projeains onto 14 or more factors,
due to insu cient degrees of freedom, the (M,S) classi er becoes less powerful but still
identi es as many nonisomorphic projections as the GMA classer. Note that the number
of nonisomorphic projections identi ed by the (M,S) classi eris less than the total number
of nonisomorphic projections. For instance, Wang and Wu (199%¢ported 59 projections
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Table 4: Numbers of nonisomorphic projections identi ed by te (M,S) classi er

Typen m 34 5 6 7 8 9 10 11 12 13 14
H16.l 23 4 5 6 6 5 3 2 2 1 1
H16.11 3 5 10 15 18 17 13 8 4 3 1 1
H16.111 3 5 11 21 31 30 19 9 4 3 1 1
H16.1V 3 510 16 18 17 15 9 4 3 1 1
H16.V 3 5 10 17 23 22 16 9 4 3 1 1
Total 3 5 11 23 34 33 19 9 4 3 1 1
GMA-4 Total 3 5 11 26 50 69 74 71 52 31 18 10
GMA-5 Total 3 5 11 26 50 69 75 71 52 31 18 10
Sunand Wu (1993)| 3 5 11 27 55 80 87 78 58 36 18 10

Table 5: Numbers of nonisomorphic projections identi ed by te (M,S) classi er

Typenm |3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
N 2 3 10 54 182 319 356 326 244 159 46 9 2 2 1

P 2 3 10 51 142 258 313 276 203 129 44 9 2 2 1

Q 2 3 9 47 133 215 261 244 169 118 39 8 2 2 1
GMA 2 3 10 34 51 81 125 125 80 51 34 10 3 2 1

onto six factors and Xu and Deng (2005) identi ed 2282 projections onto ten factors.

Table 6 lists the (M,S)-optimal projections and their propotions for each design.
For example, the (M,S)-optimal projections among all 3-dimnsional projections have
trace(Cq) = 57:60 and traceC3) = 1105:92; 912 out of 969 3-dimensional projections

in designs N, P or Q are (M,S)-optimal. Design N doesn't have any (J8)-optimal pro-

jections onto 8§ 9; 10, and 11 factors.

jections onto these numbers of factors have tradg{) = 425:00; 48000; 53520; 58880;
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In terms of the (M,S) criterion, the best pro-

and trace(C2) = 17909:76; 2413056, 3238464, 4455424, respectively. Similarly, design Q

doesn't have any (M,S)-optimal projections onto 89; 10, 11, 12, and 13 factors and the
best projections onto these numbers of factors have tra€®( = 406:40, 48000; 55440;
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56900, 58080; 58560; and trace(C2) = 16250:88, 2400768, 3594816; 4086784; 483968;
5729280, respectively. It is obvious that design P has the highest proptions of (M,S)-
optimal projections onto 8 9; 10, 11; 12 and 13 factors while it has the lowest propor-
tions of (M,S)-optimal projections onto 5 6; 7; and 14 factors. It is straightforward to
show that the GMA projections of 20 runs in Deng and Tang (200Z;able 4) are not all
(M,S)-optimal and the (M,S)-optimal projections are not GMA. For example, the GMA
projection consisting of columns 48; 11; 13; 17; and 19 in design N has trac&fy) = 252
and trace(C3) = 6631:04 It is not (M,S)-optimal because the (M,S)-optimal projectims
have traceCq4) = 252 and trace(C?) = 6569:60: The (M,S)-optimal projection consisting of
columns 1 2; 3; 6; 8 and 11 of design N ha&3[20; 12] = [0; 2]; while the GMA projection
consisting of columns 48; 11; 13, 17 and 19 had$=3[20; 12] = [0; O]: Since not every orthog-
onal array of 20 runs is a projection of designs N, P, and Q, the (8)-optimal projections
in Table 6 may not be optimal among all the orthogonal arrays. Gr conclusions on the
relation between (M,S) and GMA only apply to projections of NP and Q.

In order to compare the (M,S) criterion and the GMA as well astbher model-dependent
e ciency criteria in Cheng, Deng and Tang (2002), we considethe ten nonisomorphic
projections of N, P, and Q onto ve factors given by Deng, Li andlang (2000). These
projections are labeled as:% to 5:10 with the meaning that projection 5i is the ith best
among the ten projections according to the GMA criterion. Tale 7 lists the rankings under
di erent criteria where 1 is the best and 10 is the worst. Proja®n 5:2 is actually the
(M,S)-optimal projection onto ve factors. Since ranks unde D; vary slightly according
to the number of 2 's (denoted byf ), ranks underD, are recorded in Table 7. It is evident
from Table 7 that the (M,S)-ranking is consistent with ranking based on GMA, minimum
Gy; Dy; and S?; while there is only moderate consistency between (M,S) and estition
capacity E; becauseEs doesn't take e ciency into consideration. Nevertheless, the (Mg)-
optimal projection performs the best with respect to the estim#on capacity criterion. An
interesting observation is that the minimumG, projection 5.1 is not (M,S)-optimal and the
(M,S)-optimal projection 5:2 is not minimum G,. Since there are additional orthogonal
arrays with 20 runs and 5 factors that are not projections frm N, P, and Q, it is not
clear whether projection 51 is minimum G, and projection 52 is (M,S)-optimal among all
orthogonal arrays of this size. This issue is currently under westigation.
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Table 6:

(M,S)-optimal projections in 20-run Hall's designs

No. of | Trace Trace Columns
Factors | of Cy  of C3 N P Q | Selected

3 |5760 110%92 | Az 2 %2 | f1:2-3g

4 | 11040 214272 | 2% I 2% | 1,236

5 | 17600 365%68 | ;o L8 A3 ) £1:2:3;6;89

6 | 25200 656%0 | =% %8 388 f1;23;6;8;11g

7 | 33600 1112064 | 4 2. A1 §1:2:3,4,6,11; 19

8 | 42560 1778688 | 2o -sos 2 | 11,2,6,8,10,11; 13 159
9 51840 297574 | &%= w35 o975 | 1123489131418y
10 | 61200 438732 | g% w78 oogs | | 123489131418 19
11 | 60800 4734976 | -2 o5 7eess | 16;7;10,11; 12,15, 16, 17¢°
12 | 63840 588856 | shass zoms  zogss | 147912 14,17,18g°
13 | 60480 611788 | o5 2 0. | 7,9,121417,18g°

14 | 56240 63348 | ;72 25 218 £9;13 1518 19%°

15 | 50880 6478848 | 22 32 92 | {1517 18 19°

16 | 44160 6500%2| 25 2L & | f151819%f

17 | 320 51200 14 14 | any 17 columns

18 | 180 32400 2 2 2 | any 18 columns
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Table 7: (M,S) Rankings versus others

GMA | (trace(Cy);trace(C?)) | (M,S) Dy S? E; G, (B3; B4; Bs)
51 | (176 3712) 2 2 1 1 1|(0:400:20,0:00)
5:2 | (176, 365568) 1 1 1 1 2 | (0:40,0:20,0:16)
5:3 | (176 436736) 4 4 3 1 3|(0:40 052 0:00)
54 | (176 427008) 3 3 3 8 4](0:400520:16)
55 | (156:80,315904) 6 6 5 1 51 (0:72 0:20; 0:00)
56 | (15680, 314368) 5 5 5 7 6](0:720:20,0:16)
57 | (15680, 381440) 7 7 7 5 7/|(0:720520:00)
5:8 | (137:60,260808) 8 8 8 5 8 | (1:04;0:20;0:00)
59 | (13760, 326144) 10 10 9 9 9| (1:.04;0:52, 0:00)
5:10 | (137:60; 324608) 9 9 9 10 10| (1:04,0:520:16)

5. Concluding Remarks

In this paper, the use of (M,S)-optimality in selecting and clssifying regular designs
as well as nonregular designs is studied. Compared to the MA orMa criterion, the
(M,S) criterion proposed is easier to compute and it is also indendent of the choice of
orthonormal contrasts. Although main e ects and 2 's are the faus in this paper, the
(M,S) criterion can easily be applied when higher-order intactions are also of interest.

For regular designs, the two components of the (M,S) criterigni.e., trace(Cq4) and
trace(C2); are derived as explicit functions of the numbers of three- drfour-letter words.
Generally, (M,S)-optimal designs are not MA designs. All MA desits up to 64 runs are
(M,S)-optimal.

For nonregular designs, tracety) and trace(CZ) are written as functions ofjs(s) and
] 4(S): When applied to nonregular designs, the (M,S) criterion takeBoth the magnitude
and the frequencies of J-characteristics into consideratipwhile the GMA criterion uses
only ordinal information on the magnitude. The (M,S) criteion is di erent from the
minimum G,-aberration criterion. Minimum G, projections of Hadamard matrices are not
necessarily (M,S)-optimal, and vice versa. Among projectionsoin Hadamard matrices of
12, 16, and 20 runs, (M,S)-optimal projections are generally not MA, rd MA projections
are not (M,S)-optimal.
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