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Abstract

A new model for the stabilization of an automotive platform with a
low power active suspension is presented, analyzed and numerically simu-
lated. The model consists of a nonlinear coupled system of three ordinary
differential equations. The nonlinearity arises from a spring-like device
with negative spring constant, which is the heart of the new approach.
The problem may have one or three steady states. The system is numer-
ically simulated and the results presented and analyzed. The problem of
control of the system by a displacement actuator is left open.

Keywords: Vehicle platform stabilization, nonlinear dynamical system,
negative spring constant.

1 Introduction

The design of active controls of vehicle suspensions has been investigated (see,
e.g., [9, 11]) aiming at increasing their performance. Various forms of active
suspensions for platform stabilization have been proposed and investigated in
[3,4,7,9, 11, 12]. Currently, a typical mechanization of vehicle active suspen-
sion requires a significant external power supply, which is a considerable burden
on the engine. This power drain increases the fuel consumption of the vehicle,
which is contrary to current fuel economy regulations and automotive manu-
facturing trends world-wide. The goal of the new approach to vehicle platform
stabilization is to reduce the significant power required for operation of current
active suspension systems.

The novel approach adopted here, proposed first by Cameron [6], for a low
power active suspension addresses this very issue of energy consumption of the



system. The novelty lies in the low energy consumption which is achieved by the
interaction between a linear and a highly nonlinear spring, connected in series.
In the operating displacement range of the suspension system the nonlinear
spring behaves as a spring with negative stiffness, while supporting a positive
load.

In this paper, the model which is in the form of a system of three differential
equations is presented. One of the equations contains the nonlinear spring with
a negative stiffness, similar to the so-called “Duffing Oscillator.” The system
is found to have one or three steady states. Then, the model is simulated
numerically. Typical types of behavior, and the approach to the steady states
are depicted, and the stability of the the steady solutions investigated. Related
results for a system which includes the nonlinear spring and friction have been
obtained in [10]. The control aspects of the model, via a displacements actuator,
will be investigated in the near future. The purpose here is to gain insight into
the possible types of behavior of this model for the suspension.

The model is presented in Section 2, where the assumptions underlying it
are explained, and the nonlinear spring, the so-called Vertically Compressed
Horizontally Sliding Spring ([10]) described. The system energy is derived and
a number of conclusions drawn. The system’s steady states are investigated
in Section 3, where it is shown that the nonlinear spring system can have one
or three steady state solutions. It seems that in the case with three steady
solution, the zero solution is unstable and the other two are stable; in the
case of a single (zero) solution it is stable. This is based on the results of the
numerical simulations of the model described in Section 4, and is similar to
the behavior of the Duffing Oscillator. The numerical scheme, which is based
on Euler discretization, is presented and a number of typical or interesting
simulations depicted. The results are summarized in section 5, where some
additional problems are posed and future research indicated.

2 The model

In this section the model of a vehicle wheel suspension, the so-called “quarter
vehicle” model, describing one of the four wheel is presented. It consists of a
nonlinear system of three ordinary differential equations. During the vehicle’s
motion the suspension reacts to the forces acting on it and, thus, influences the
behavior of the whole car. The aim is to model this behavior and to investi-
gate the conditions for quick and efficient damping of the resulting platform
oscillations.

When a vehicle travels on a road, each of its suspensions is acted upon by
the variations in the road profile, the input from the rest of the vehicle and the
actuator. The model describes the dynamics of one of the suspensions. The
road profile is represented by R = R(t); the effect of the rest of the vehicle is
denoted by Fp = Fp(t) and the reaction of the a force actuator is described by
F4 = F4(t). The case of a displacement actuator, which is easier to implement
in practice, but more complicated theoretically, will be addressed in the near



future. The system, depicted in Fig.2.1, can be represented by three masses
my, mo and mg connected with springs and dampers and an actuator for the
platform control. Mass m; represents the wheel and the suspension itself; mo
represents the part of the car above the wheel (“quarter vehicle”) including
the driver and passengers; mass mg is small compared to the other two, and
represents the active control mechanism.

The tire is characterized by the stiffness k7 and damping cr; the suspension
by ks and cgs; the control mechanism by kgr. The nonlinear spring K 4, which
forms the heart of the control system, is described below.
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Figure 2.1: The setting

Let 1 = z1(t), x2 = z2(t) and z3 = z3(t) be the respective displacements
of the masses from their reference positions, positive when upward. Then, the
motion of the system is described by the following system:

miz1” = kr(R—xz) +cer(R — ) + ks(xe — 1)

+es(zy — 24) + kr(zs — 1), (2.1)
moms" = ks(xy —32) + cs(x] — wh) — Ka(ws — 22) + Fp + Fa, (2.2)
msxs” = kgr(zy —x3) + Ka(ws — 22) — Fa. (2.3)

Here, the prime indicates the time derivative. To complete the model the initial



conditions need to be prescribed,

z1(0) = z10, z2(0) = 20, x3(0) = @30, (2.4)

IL'II (0) = V10, .’13,2 (0) = V20, IL'{; (0) = V30- (25)

Here the xyo are the initial positions and the v the initial velocities, k = 1,2, 3
of the masses.

The nonlinear element at the heart of the system is a spring which has
a restoring force K4 = K4(z) that is depicted in Fig. 2.2. It is described
by a curve which is decreasing on the interval —oco < z < ¢, increasing on
g7 < x < g3, decreasing on g5 < x < 00, and crossing the z-axis at z = g1, 0, go;
where g1 < g7 < 0 < g3 < g2. It is assumed below, for the sake of simplicity,

that —gJ1 =92 =4g.
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Figure 2.2: The restoring force K4 vs. displacement of the of the nonlinear
spring.

A possible candidate with such behavior is the so-called “Duffing Oscillator,”
which is characterizes by
Ka(z) = az — f2°,

where a and 8 are positive constants.

Another device, the so-called Vertically Compressed Horizontally Sliding
Spring (VCHSS), is obtained by a vertically positioned compressed spring the
lower end of which may move on a horizontal rail, with

Ka(z) = —kz (1 - \/%) .

Here, Ly is the natural length of the spring, L is the compressed length and k&
is the spring constant. The spring is compressed in the vertical direction, while
its lower end is restricted to move on a horizontal rail, and z is the horizontal
distance from the origin. Clearly, for this choice of K4 the following relation



holds g? + L? = L. The details and analysis of such a system can be found in
[6, 10].

The Bellville Washer is another example of a device with force-displacement
characteristics depicted in Fig. 2.2. However, the load that it can support is too
small to be of use in a car suspension mechanism.

The range g1 < z < go for which the spring deviates from a regular spring
is determined by the suspension and system characteristics, and in practice has
to be adjustable. The purpose is to have the operating range of the suspension
within the interval g1 < z < g2, making it much easier to control and stabilize
the system. However, since the system may have two stable steady states, in
an actual suspension there is a need for an actuator F4 to guarantee that only
one of them will be reached.

For a general spring K 4 it is assumed that there exists a potential function
Ua = Ua(z) such that Uy = —K 4, which acts as the potential energy of the
spring. The form of Uy is depicted in Fig.2.3. The potential energy of the
Vertically Compressed Horizontally Sliding Spring is given by

Ua(z) = Sh(a(0)? ~ kLoy/ @O + 12 + K(I - 24°)

and it is scaled so that Ua(g) = 0, and then 0 < Uga.
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Figure 2.3: The potential energy U4 of the spring K 4.

When the VCHSS is considered on its own it exhibits three critical points.
Two minimum points at z = £g which are stable and one local maximum point
at x = 0 which is unstable (see, e.g., [1, 13]).

Returning to the system (2.1)—(2.3) it is noted that since the nonlinear spring
K 4 is Lipschitz continuous, and the other right-hand sides are linear, the system
has a unique local solution for each choice of the initial conditions (2.4) and (2.5)
(cf., [8, 2]).

The system energy is considered next. The kinetic energy is

1 !

Eiclt) = Sma(h(0)’ + gma(ch(0)’ + sms(h(0)’,  (27)



and the potential energy is

Ep(t) = skr(@m(®) + ghs(ea(d) — m(0) + ghales(t) - 1 (5)?
+Ua(zs(t) — 22(1))- (2.8)
The total energy of the system is given by
E(t) = Ex(t) + Ep(2). (2.9)

Consider now the system (2.1)—(2.5). Multiplying equation (2.1) by = (¢),
(2.2) by z4(t), and (2.3) by z5(t), integrating over 0 < s < ¢t and adding up the
resulting expressions, it follows, after integration by parts and rearranging, that

E(t) = E(©)-cr / (#(5))% ds — s / (2 (5) — 21 (5))? ds
¢ ! ! ¢ !
+/0 (kTR + crR)x1(s) ds+/0 Fpzy(s)ds

+ / Fa(ah(s) — zh(s)) ds. (2.10)

The two integrals with ¢y and c¢g represent the energy dissipated by the two
dampers over the time interval [0, t]; the other three integrals on the right-hand
side of (2.10) represent the energy input due to the work of external forces.

Consequently, when the system (2.1)—(2.5) is considered without external
inputs, i.e., when R = Fp = F4 = 0, and without dissipation, i.e., cr = ¢g =0,
then the energy of the system is conserved. Thus,

E(t) = E(0),

for all 0 < ¢. This estimate, in addition, guarantees that the system has a global
solution, i.e., the solution exists on any time interval [0,7]. On the other hand,
when the system includes dissipation but without external inputs, it follows
from (2.10) that the energy is decreasing with time. The system, eventually,
settles down at one of its steady states, which are discussed next.

Actually, it follows from (2.10) with zero inputs, ¢s = 0 and ¢ > 0 that

dE
dt
that is, the system energy decays, and therefore so do the system oscillations.

However, the rate of convergence of z1,z2 and z3 to their steady states is left
open.

= _CT(J‘.II)Qa

3 Steady states

This section deals with the steady states of the system (2.1)—(2.3). As stated
earlier, it is found that it may have either one or three steady states, depending
on the system parameters.



To obtain the system steady states one sets the time derivativesin (2.1)—(2.3)
equal zero. Assuming no external forces or inputs, we obtain

0 = —krZ +ks(Ty — 71) + kr(Z3 — 71), (3.1)
0 = ks(Z1 — %) — Ka(Zz — T2), (3.2)
0 = kR(i'l - .’Z‘3) + KA(i‘3 - .’f‘z). (33)

Let n* be a solution of the equation

krks
kr + ks

n = Ka(n). (3.4)

Then, each steady state satisfies,

z1 = 0, (35)
_ kr

Iz = _kS ¥ kRT’ ’ (36)
o ks .

T3 = . kRn . (3.7)

A graphic representation of the solutions of (3.4) is depicted in Fig. 3.1, where
the slope of the line is given by

o — krks
- kr + ks’

which is positive.
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Figure 3.1: Equation (3.4) has three solutions.

It is noted that one of the roots must be n* = 0 since both the straight line
and the curve pass through the origin, and it is seen that when

krks y
K .
Tt ks _gg;gl Al (3-8)




it is the unique solution, since the slope of the line on the left-hand side of (3.4)
is greater than any slope of K4 for —g <n < g.

When the inequality in (3.8) is reversed there are three solutions as indicated
in Fig.3.1. The stability of these solutions is investigated numerically below.
Based on these numerical simulations we conclude that when the root n* =0 is
the unique solution of (3.4) it is stable. The other two roots, when existing, are
stable, and then n* = 0 is unstable. Thus, when

krks

RS k!

i.e., when the line k*n is tangent to the curve K 4(n) at the origin, bifurcation
takes place, the root n* = 0 losses its stability and two new stable solutions
appear as the slope K (0) decreases through this value.

It might be of interest to investigate the behavior of the solutions as the
bifurcation occurs, and also for large slopes of the straight line in Fig.3.1. How-
ever, the main topic of this paper is the use the system in the parameter range
when there are three steady solutions, so that the origin is unstable.

4 Numerical simulations

In this section the numerical approach to the model is described and simulation
results presented. The main goal of active suspension control is to provide
comfort for the driver by having the motion x2(t) of ms damped and as even as
possible, while having the wheel, m; following the road profile R(t) as closely
as possible, to provide the necessary traction with the road. However, as noted
above, the actuator F4 which is needed in practice is not being used, and
therefore, the simulations below describe the behavior of the system without
any controls.

The Euler method is used for the time discretized approximation of the
system. The time interval of interest is [0,7"], which is partitioned uniformly
into N time steps At = T/N. Let t; = iAt and let x;(i) = x;(¢At) denote the
value of z; at time ¢;, for [ =1,2,3.

The second derivative of z; at time ¢; is approximated by

(z(t:))" = mild) 2wl(iA_t)12) tal 2), (4.1)

forl=1,2,3,and 4 =0,1,---,N.
The only nonlinear term in the system, the force K 4, is given by

Lo
Kaly) =k (1 - W) Y.

It is approximated by retarding the argument one time step, thus,

Mk (1o —— Lo ),ui-
KA(y(z))—k<1 y(i_1)2+L2>y<z 1), (43)



A somewhat different possible approximation is

N B Lo ;
Ka(y(i) =k (1 NS L2) y(i),

i.e., linearizing the expression. However, for the sake of simplicity (4.3) has been
used, in the form

Ka(y(@)) = kM (y(i — 1)y(i — 1), (4.4)

N (1o Lo
M(y(7)) <1 y(j)2+L2>.

The following notation was used in the discretization of (2.1)—(2.3):

where

k k k k k
k=~ ksi = — km=—, key=—, kpz=—
m1 mi mi ma ms
cr Cs Cs
¢crm = —, €81 =—, CS2 = —
my mq mo
F F F
R = D+ A, P = Fa
mo ms
Next, let
a1 = 14 (At)*(kr1 + ks1 + kr1) + (At) (e + ¢s1),
ay = 14 (At)’*ksy + (At)cso,
az = 14+ (At)2k‘R3.

Using the approximations (4.1), (4.3) and the notation above in the system
(2.1)—(2.3) yields the following discretized system for {z(:),z2(i),z3(i)}, at
time t; = iAt,

arzi (i) = (24 (At)(er +es1)) z1(i — 1) — 21 (i — 2) + kg1 (At)’zo (i — 1)
Fhr (A8)223(i — 1) + cs1(AD) (@2 (i — 1)) — 22 (i — 2))
+(At)’(kr R + e R)), (4.5)
asr2(i) = (24 (At)esa)za(i — 1) — 22(i — 2) + kg2 (A1) 2z (4)

+eso(At)(z1 (i) — 21 (i — 1)) + (At)’Fy

RO A g = 1) = 2 = 1) i = 1) = 220 — 1)) (46)
ma
aszs(i) = 2ws3(i— 1) — 23(i — 2) + krs(At)*21 (i) — (At)*F3
+—k(ﬁt)2M(x3<i —1) = 22(i = ) (@3(i = 1) = a(i = 1)) (4.7)
3

The numerical algorithm proceeds as follows: Starting with the initial condi-
tions (2.4) and (2.5), if the solution {z1(j), z2(j), z3(j)}, for j =0,1,--- ,i—1,



i.e., up to the time ¢t = (i — 1)At is known, then {z1 (i), z2(3), z3(i)} are com-
puted at time step ¢, using (4.5)—(4.7). Then the algorithm marches to the time
stepi+1,fori=2,3,---,N. After each time step, the values are updated, and
the next time step computed.

The numerical simulations are described next. Four simulations are pre-
sented: an initial entry of the driver into the car and a flat road; a wavy (pe-
riodic) road, a bump on a flat road; a bump on a periodic road. The aim is
to present typical types of behavior of the system. However, the phase space is
six-dimensional so the more interesting graphs in each example are presented,
such as the time evolution of one of the variables or the two-dimensional cross
section of the phase space, the phase-plane.

The system is very interesting and warrants further simulations and analysis.

The values of the coefficients used in the simulations were k7 = 180,000, ks =
30,000, kg = 400,000 [n/m], my = 50, ma = 400,m3 = 5 [kg], and ¢; = cg =
10[n - sec/m].

The road profile was described by the function R = R(t) [m], with time
derivative R'. The initial conditions for x;, which is directly related to the road
profile, and x5 which is related to the driver, are specified in the examples, while
the rest of the initial conditions were chosen as z3(0) = #3(0) = 0 in all four
examples.

In the VCHSS (4.3), the following values of the constants were employed:
k = 20,000 [n/m] and L =4, Lo = 6 [m]. This choice is not particularly useful
in a car, and was made for the sake of clear illustrations of the behavior, since
it made the two stable equilibrium positions close to each other.

The simulation code was written in Maple 6, and a typical run of 8,000 time
steps took about 40 [sec], on the 450Mhz Power Mac G4 machine.

The simulations results are described now.

4.1 Example 1- Flat road with initial displacement

The first example describes the case of an initial disturbance, say when a pas-
senger leaves the car. The initial conditions chosen were z;(0) = %;(0) = 0 and
22(0) = 0.1, £2(0) = —0.1, while the road was flat, i.e., R(¢) = 0. The time
step was At = 0.005, and it was found that qualitatively changing the time step
produced similar results. However, the system is sensitive to initial conditions
and small changes in them may lead the system trajectory to switch from one
steady state to the other.

The displacements of the wheel and suspension z; and of the car and pas-
sengers mass z2, as functions of time, are depicted in Fig.4.1 and the evolution
of the nonlinear spring z3 in Fig. 4.2, as well as the trajectory in the phase plane
x3 —Z3. It is seen that the initial oscillation dissipated rather quickly, in 20 sec-
onds or so, although, as noted above, the system was very lightly damped. Then
it settled in one of its steady states. It is noted that the origin was repulsive.

10
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Figure 4.2: Example 1: evolution of 3 and the x3 — &3-plane
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4.2 Example 2- Periodic road

The road was assumed periodic with profile R(t) = A cos(wt), with frequency
w =10, i.e. 5/n[hertz], and amplitude A = 0.1[m]. The initial conditions were
21(0) = £1(0) = 22(0) = 2(0) = 0. The time step used was At = 0.005.

The displacements of the wheel and suspension z; were found to follow R
very closely. The displacements x> and the phase plane z» — %2 are depicted in
Fig.4.3, where it is seen that x — 2 settles very quickly into a periodic motion
with the same period as the road’s. The evolution of 3 and the phase plane
3 — 23 are depicted in Fig.4.4. Within 20 seconds or so, the system settles into
a periodic oscillation about the upper equilibrium position, following the road.
The transition to periodic oscillations can be clearly seen in Fig. 4.4.

mo

Figure 4.3: Example 2: evolution of z; and the phase plane z; — i3
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4.3 Example 3- Bump in the road

A road bump was considered, in the form depicted in Fig.4.5, with amplitude
0.15[m]. The initial conditions were z1(0) = #1(0) = z2(0) = £2(0) = 0. The
time step used was At = 0.005.

The decay of the induced oscillations and approach to the steady state can
be seen clearly in Fig.4.6. The phase plane z3 — 43 is shown in Fig.4.7.

4.4 Example 4- Bump in a periodic road

In addition to a periodic road profile, a road bump was added, thus combining
the effects of the two examples above. Since the system is nonlinear, it is seen
that the effects are not additive.

12
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Figure 4.4: Example 2: evolution of 3 and the phase plane z3 — i3
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Figure 4.5: Example 3: evolution of z;
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Figure 4.6: Example 3: evolution of z2 and the phase plane x5 — @5

Figure 4.7: Example 3: the phase plane 3 — &3
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A road bump was the same as in Example 3, in the form depicted in Fig. 4.5,
with amplitude 0.15[m]. The road profile was the same as in Example 2, R(t) =
A cos(wt), with frequency 5/n[hertz], and amplitude A = 0.1[m]. The initial

conditions were z;(0) = %1(0) = z2(0) = £2(0) = 0. The time step used was
At = 0.005.

Since the problem is nonlinear the effects are not additive. However, the
system settles quickly into the behavior in the periodic case.

0.15
0.1+

0.05

—0.05

Figure 4.8: Example 4: evolution of z;

Figure 4.9: Example 4: evolution of 2 and the phase plane x5 — @o
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5 Conclusions

A novel system for the stabilization of automotive platform has been presented.
It is in the form of a nonlinear system of ordinary differential equations. The
main element in the system is a nonlinear spring with a negative spring con-
stant over the relevant range of its displacements. The energy of the system
was shown to be conserved or to decay, depending on the presence of damp-
ing. The system can have either one or three steady states, and the numerical
simulations indicate, as expected, that the zero solution is stable when unique
and unstable when the other two solutions are stable. Moreover, the solutions
converge quickly to one of the stable steady states.

The system, without the control actuator is of some interest in its own
right, in showing that the system stabilizes very quickly with small damping.
However, without the actuator, the system may jump between the two stable
steady states. Therefore, a displacement actuator is needed, and the resulting
problem will be investigated in the near future. Moreover, by employing a
displacement actuator, the character of the model changes and instead of a
system of ODEs the model consists of inequalities or set-inclusions.

A numerical scheme for the problem was described and the results of nu-
merical simulations presented. It was shown that the system may behave in
interesting ways, and further numerical and mathematical investigation of this
model is in order.
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